SINGULAR POINTS OF ORDINARY LINEAR
DIFFERENTIAL EQUATIONS*

BY

GEORGE D. BIRKHOFF
Let

dy, & '
(1) %=§laq(w)yj (i=1,2, ---,n)

be a system of » ordinary linear differential equations of the first order in which
we have for || > R
1

@) e(e)=a@"+aQu + -+ @D+ Vo (=12, m),
¢ being an integer. We propose to investigate the nature of the solutions of
(1) in the vicinity of & = oo, which is taken to be a singular point of the given
system of equations so that ¢ = — 1. The integer ¢ + 1 is termed the rank of
(1) at & = o, after PoINCARE.T It will be further assumed that the n roots

a

of the characteristic equation
3) |a;—8,a|=0

[where 8, =0 (i % j), and 3, =1] are distinct, and in the case g = —1 do not
differ by integers. The writer hopes to discuss the general case later.
It is apparent that any proper linear transformation

19 aZ’ ey a’l

4) .7.'=ji=l7";j(w)yp

in which the functions A, (x) are analytic or have a pole at x = oo, will trans-
form (1) into a system of equations (1) with coefficients () of the same form
{(2), although g is not necessarily equal to ¢. Any such system of equations (1)
will be said to be equivalent to (1) at x = co.

The first part of the paper deals with the determination of the simplest sys-
tem of differential equations which is equivalent to (1) at x =c0. In §1 an
important Lemma on Analytic Functions is stated and proved. The applica-

* Presented to the Society (Chicago), April 17, 1908, under a different title.

tActa Mathematica, vol. 8 (1886), p. 305.
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tion of this lemma in § 2 shows that there always exists a canonical system of
equations equivalent to (1) at & = oo having the form

dy, _« .
w(7£=jz=:chj(w)?/j (i=1,2, -, n),

in which P () are polynomials. In §3 it is shown that the rank of this
canonical system of equations at « = oo can be taken to be ¢ so that the degree
of the polynomials P, () does not exceed ¢ + 1.

The significance of these results is best seen by considering the case of a reg-

ular singular point ¢ = — 1. The canonical system of equations equivalent to
(1) is then in simplest form (§ 3)
ar, ar, ar,
m%—l-:alz, wﬁ:azlfz, ...,w%'-‘=an17";

and a fundamental system of solutions is

YP=gu, ¥P=0, ..., FO=0,

yo=0, Y=g, ..., P®=0,

YY;)___(), Y(z")=0’ cee, YE,")=96“"-
Now the solutions of (1) and the above system of equations are connected by a
relation

n
y'=§7\q(az)1’l (i=1,2,---,n),

in which the A, () are analytic at = oo (or have a pole, but this case is
easily excluded). It follows that there exists a fundamental system of solutions

of (1), ¥, 99, -+, 49 (j=1,2, ..., n), of the form
yﬁi’:EX‘.k(w)Yf)=x‘.’.(w)w“i (i,j=1,2,--+,n).
k=1

This is the fundamental theorem for a regular singular point. 7'he solutions
of the canonical system of equations equivalent to (1) at x = oo play the same
role in the case of an irregular singular point (¢ = 0) that they do in the case
above considered.

The nature of the solutions of the canonical system of equations can be dis-
cussed by special and elegant methods when ¢ = 0. In the case ¢ = 0 it is
known that the solutions of any system (1) with rational coefficients a () can
be expressed by a Laplace integral

y,= [e=n,(z)de (i=1,2, -, n),
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and that from this formula can be deduced the behavior of the solutions in the
vicinity of = co. This method of treatment is due to POINCARE,* and has
been developed more fully by HorN.t It is applicable in an extremely simple
form to canonical systems of equations for which ¢ = 0. If ¢ > 0, generalized
Laplace integrals of a simple character will be shown to be available. The
integrals for ¢ = 0 are considered in § 4.

These integrals are employed in § 5 to find the asymptotic nature of the solu-
tions of the canonical system of equations equivalent to (1) at 2 = oo in certain
sectors of the a-plane. The asymptotic form of the solutions of (1) in the same
sectors follows as an immediate consequence. The powerful and general method
of successive approximation which HorN | has employed in various cases will no
doubt lead to the same results.

A Riemannian characterization of the solutions of the canonical system of
equations in the vicinity of « = oo is given and extended in § 6 to the solutions
of (1). The number of characteristic constants in the solutions is found to be
the same as the number of arbitrary constants of the canonical system of
equations.

The characterization suggests the probable generalization of the Riemannian
problem when the singular points of the system of differential equations are not
regular. This formulation and a count of constants is given in § 7.

§1. Awxiliary lemma.

In order to obtain the simplest possible system (I) equivalent to (1), we can
choose as we please the n’ functions A of the transformation (4) but with the
restriction that they are analytic or have poles at @ = oo and that the determi-
nant || is not identically zero. How can one choose the functions A so as to
free as far as possible the solutions of (1) from singularities in the finite plane ?
The answer to this question, which will be fundamental in our study of (1), is
derived from the following lemma.

LEMMA ON ANALYTIC FUNCTIONS. Let 0, () be a set of n® functions of x,
single-valued and analytic for |x| > R but not necessarily analytic at x = oo,
and also such that the determinant

|0,(x)| 0 (12| > R).

Then it is possible to so choose n® multipliers A (), analytic at ® = oo, that

ENERE = E@, (o B @) = @)
(¢, k=1,2,---,n),

*American Journal of Mathematios, vol. 7 (1885), pp. 203-258. A single linear
differential equation of the nth order is treated in this and other papers referred to later.

tMathematische Annalen, vol. 50 (1897), pp. 525-556.

{Crelle’s Journal, vol. 133 (1907), pp. 19-67.
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where m is a fixed positive integer or zero, and the €, (x) are entire functions
of x for which the determinant |€,(0)| = 0.

Proof. The two alternative forms of the Lemma are clearly equivalent.
We shall confine ourselves to the proof of the second of these, which is the
easier to give in matrix notation.

In order to elucidate the lemma let us consider first the case n =1. We
have to determine A, so that

Oy Ny =",
Since 6, (x) 4= 0 for |x| > R, the function log 6, is expansible in a Laurent

series for | x| > R except for a term a log x,

-+ oo
logf,= > ra" +alogex.

P=—00
Take then
—® 400
—_ 2 Y 3 ree
7\" =€ v=-1 Y m=a, Ell = ev=0 )
if a<<0,or
—a + o
- 3 ree S, ray
A, =e =, m=0, £, =xe"

if @ = 0, and we have the desired solution. This explicit treatment is not pos-
sible if »> 1, in which case we shall have to construct a solution by an infinite
Pprocess.

As it is convenient to use matrix notation, let ® denote the matrix I 0‘.). || and
®~!its inverse matrix || 67| which is of the same form, since |6, |4 0 for
||>ZR. Also we shall write A = |[A[|.

Furthermore, if ¢ is single-valued and analytic in the vicinity of x = o0, 50
that it is expansible in a Laurent series,

o0
¢ = Z: avmv’
we write o
+ o —a0 —0
P(¢)=Zoauwv’ N(¢)= _Z_lavwv’ Nm(¢)= _Z_ avwv'

Here m is some positive integer whose value will be specified later. We have
the obvious relations

¢= P(¢) + N(¢)= P(¢) + a—xw_l + -+ a‘—m+1w_m+l + Nm(¢)’
P[N($)]=P[N,(¢)]=N[P($)]=D,[P($)]=0.
More generally, if we have a matrix @ = ||¢, ||, we shall use the notation

P(@)=[P(¢)l, N()=[N(¢)lls  N(P)= || V()]

Trans. Am. Math. Soc. 29
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Let now 7'=||¢,|| be any matrix of constants of determinant not zero.
Consider the matrix equations

() Ir=P(®'.¥) V=7To"+N,(0-T).

If a solution of these equations T' = ||y, ||, ¥ = || || ewists, we will have at

once the desired matrix
(6) A=DN(O V).

To verify this statement we notice first that the functions A, are analytic at
x = oo by (6), since they are convergent series of negative powers of 2z. More-
over from the first equation of (5) we obtain

) Fr+nN5NO'¥)=0"V,
From this equation (7) we derive
(8) O-T+O[NO'V)]=V

on multiplying by the matrix ®. Furthermore, by the second equation of (5),

we obtain also
9) V=Tr"+0TI-PO6T)-R,

in which the elements of & are polynomial of degree m — 1 at most in 1/cx.
If we add (8) and (9), we find by means of (6)
OA=Te"—P(O-T)-R.

The right hand member forms a matrix ||z™£ (2)|| in.which the £ () are
entire functions of = with the desired property

1£,(0)] =14, + 0.
We have thus proved our statement.

It remains to construct a solution of equations (5) for some m. This we
do by a method of successive approximation.

‘Write
‘I’o = Tw—m’
T,=P(81.v,),
(10) ¥, = Tx "+ N,(0 T,),

=P~P(071'VvY),
V,=Te™+ N_(0-T),

If the sequence of matrices ¥, I, tend to limit matrices, it will not be difficult
to prove that these limits form the desired solutions.
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Define the difference matrices

r,=r,—-r,_, T,=T,,
V=V —-Y ., Y,=v,
These matrices for p > 0 satisfy the equations
(11) ¥ =N,(®T,,), T,=P(©'¥).

It follows from the first of these equations that \T’p contains only negative powers
of z. Hence the positive powers which come from the multiplication of ®~' and
‘I’ in the second of these equations arise from the positive powers in the ele-
ments of ® ! and from the negative in ‘If so that

(12) P(®'-¥)=P[P(07)-V,].
Likewise we find
(13) N,(®-T,,)=N,[N,(®)T, ],

since the elements of I',_, contain only positive powers of « and a constant term.
Thus (11) can be written

(14) ¥ =N,[N,(®)T,,], T,=P[P(®")V¥,].
In this form we shall prove the convergence of
r=T,+T,+--, Y=V, 4+V¥ 4.

for large enough m.
Choose r,, IZ, so that
ry> By > R;

then we can choose M so large that*

(15) P(6;, )«%=M(1+ -+ 0+ )

7o

since P(f;]) is an entire function of x. Moreover since V(0,) is analytic for
|| > R, the series for N(Hﬁ),

O
T 7
R L

*The notation, a < 3, means that the coefficients of the various powers of z in the power
series a do not exceed the corresponding terms of 3 in absolute value. I shall extend this nota-
tion of POINCARE to matrices 4 and B of which corresponding terms a; and B4 are power series.
Thus the notation 4 « B implies that ai; < By for all values of ¢ and j.
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is convergent for || > R, so that
[ %2
lim é’ =0.
p=w 0
Hence for large enough m we have |6?)| < eR%, p > m, no matter how small
€ be taken. Thus we can choose m so large that for any small e

R, R
(16) W (0) K —=e( g+ ),
Fo 1
Take m so large that
nfeMr, R,
17 — <1,
" (1o — B, )

It is to be noticed that both the comparison series used converge for
ry> x| > R,.
Now choose L so large that

(18) Fo=ro<< x
1__2%

r

First by (16) and (18) we see that
‘Ttl =N, [N,.(0)T,]

(e=Rt =) -

«! neLr R, H .
SR )(w—R iR

Next, by (15) and the above inequality, we see that
n*eMLrl R, ]’[ « || n’eMLriR,
0) (r _w) (w_ o) I l I (ro_R

] nelr R, 1 1
iNm (7’0— Ro) T — 120-'_7'0_3B

|
|

T,=P[P©). \I’,]<<|} [

as before. And thus in general

n?*le? M Lt R?
(7'0 - Ro )2p_l (w - Ro) ’

ZpepMpL,,.pHRp H
o= B *(r,— =)

Y, L

p\\

as may be proved by induction. If (17) holds, we shall have convergent series
for Yy and Yy if ry>|x| > R,.
Furthermore, from the equations (10) we infer that
'=~r(61.Y),

* The compound matrix has n terms in each element ; hence we get a multiplier n.
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so that v, must be an entire function of 2. Then likewise we infer that
VY=T2x"+ N, (0 -T).
Thus ||v,|| and ||y;|| satisfy (5).

§ 2. Euistence of an equivalent canonical system.

We are now in a position to answer the question which was raised at the
beginning of § 1.

By the hypothesis concerning (2) there are no finite singularities of the func-
tions @, () of (1) exterior to the circle x| = E. Let x describe a closed path
exterior to this circle about © = co. It is easy to show that there will exist n
linearly independent particular solutions

1 1 1
R R )
1n)’ y(z"), B ] :’/ﬁ.")a
which undergo the substitution
= 1 =y __ 1 =y __ 1
W=ps" B =p%s - G=py0
7 n ) ) ) n
W=ry? ¥WW=py0 o T=p90

unless two or more values of p are equal, when degenerate cases may occur.*
We will suppose for the present that there exists a fundamental system of

this character (19) for which, of course,
lyo)l — Ce‘/ lej1(z)+age(@)+ .. +a,,(2)]dx
¢ .

Define now functions 6,(z) by the n* equations

1
(J) — ks _—
Y9 =240, (), (7%"2“/_110gp")'

It may be inferred at once that the 0, are single valued and analytic for
|| > R and that

le‘ ( “’)I = eyt +ED ef [a@+ag(@)t ... +apy@)]dz
” .

Thus the 0 () fulfill the restrictions of the Lemma. Hence we can deter-
mine a set of functions A, (x) analytic at & = co in such a manner that

;:x..,xw)eﬂ,(w) — o, (2),

the £, () being entire functions of « and |£,(0)| 4 0.

* It is here simply a matter of the canonical form of a linear substitation.
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The transformation (4) changes (1) into a new system of equations (1) with a
fundamental system of solutions

yP = mE () (i,=1,2,--, n).
J

Therefore we can transform a system (1) into an equivalent system whose
solutions have no other singularity in the finite x-plane except x = 0, and this
singularity will be of the above simple form.

The new system of equations can be written

dy, _ - _
de N Y2 Y.
dyd
1 i =y oz L =D
(20) e Y0¥ U120 (i=1,2,n)

d?(in) ~n) ~(n) e y n)
de 1 2 ) n

Hence we see that the coefficients @, () are quotients of entire functions, and
therefore meromorphic in the finite plane with poles only at points for which

A=|y|=0.
On the other hand, by a fundamental property of any transformation (4), the
new system of equations (20) is of the same form as (1) so that the @,(x) are
analytic at @ = oo, or have a pole at that point.*
These two properties of the functions @, show that they are rational functions

of @. Thus the new system of equations equivalent to (1) at w = oo can be
written

(21) = TR, (=)

in which the coefficients B () are rational. Furthermore it possesses a funda-
mental system of solutions

(22) y(ii) — gki—m Ev(w),

where the £ () are entire functions of 2 and [£,(0)| < 0, and the poles of
R () lie at points for which
A=|y]=0.

* Write the transformation inverse o (4) in the form

n
L Y= EZ ¥y
=1

in which, of course, the 2;(z) are analytic at z= oo, or have a pole at that point. A direct
computation shows that we have

n — n __ d
a == i 2 2, - k.
i k,12=1 Aty +k=12 ¥z "
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By a succession of transformations (4) we shall now remove all the singular
points of (21), not at x=0 and x=oco. These can only be apparently
singular points because of the character of the fundamental system of solu-
tions (22).

Since from (21) we have

A — co/ [Fu@+Rop(@)+ ..+ Byn(@)

it is clear that the entire function A is the product of a factor which never van-
ishes, and of factors of the form (2 — ')}, A being a positive integer. The
singular points will lie at = «’. These last factors can be removed as follows.
Choose constants ¢,, ¢,, -- -, c,, not all zero, so that for x = 2’

(23) ey +eyP+ -+ y)=0 (j=1,2,-,n)

This is possible because by hypothesis A = 0 for x =«’. Let c, be one of the
quantities ¢, which is not zero. Make the further transformation of the form (4)

V= (isk),
?7 =cly1 +czyz+ +c”y"'

L4 r —x

The fundamental system of solutions 3¢’ of (21) is transformed into another
such system of the same character,

¥ =P (ik),
g(j)_cly(lj)-'-czy{'{)_‘- "’+cny$.i)
D — )

x—a
Accordingly the new system of equations has again the form (21). But we
have

A

Z=C
kg —

so that a factor @ — «’" has been removed from A.

In this way one can remove in succession each factor « — «, and finally reach
the case when A does not vanish except perhaps for x = 0. Thus a system of
equations (21) exists whose solutions have the additional property

(24) 19| % 0 (240).

It follows that the coefficients 2 () cannot have any poles except at x = 0
and « = oo, and so are either polynomials or polynomials multiplied by a posi-
tive integral power of 1/x. The index of this power does not exceed 1. For
suppose we have

1 T
Rq<w>=<&){t.-,+t?}w+---} (5,5=1,2,-,n),
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in which 7> 1 and not every ¢, is zero. Substituting 3> = %~ £_(x) in (21)
and equating coefficients of lowest powers of x, we obtain

0=Ztijfkj(0) (i, k=1,2,--+,n).
k=1

By taking i=1, 2, - - -, n successively it is inferred that ¢, =0 (i, j=1,2, -, n)
since [£,(0)[ 4 0. This is contrary to hypothesis. Therefore we must have

Ry( )__Ptl(w)

where P, () denotes some polynomial in .
THEOREM. There always exists a canonical system of equations equivalent
to (1) at x = oo,

dy.
(25) @i = 3 P,(=)y, (i=1,2,--,n),

in which the P (x) are polynomials.

The proof of this theorem has been based on the assumption that there exist
n linearly independent solutions of (1) of the character (19). The extension
of the above proof to the degenerate cases is illustrated by taking a degenerate
case for which p_ =p . Then there exist n linearly independent solutions
such that we have in place of (19)

=t B = p s =k,

g(ln_l)_ n—ly(l_l)’ 3/("—1)=Pn-—1y(zn- ’ | W_])= n—ly(n_])
=t B = pd AT s B putP U,

In this event we may write

Y =kl (), k=

o I/—IOg p;  (i=1,2-n;j=1,2"n—1)

y(")_wn-l[em(m)_'_ (Q})].ng:I (521»21’“)”),

2‘/ lnlzn—

and the functions 6 (x) thus defined will be single-valued and analytic for
|| > R.

Furthermore we have

|0, ()] = ce=tht - +2n0) S lan(@+ag@)+ ... +apg@)lde
v

Thus the functions 6, () satisfy the restrictions of the lemma of § 1, and a set
of multipliers A («) will be determined. If now the transformation (4) be
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made, the new system of equations in y, will have a fundamental system of

solutions
y(‘l)=wkj_m§ii(w) (1=1,2,--+,n;j=1,2,.---,n—1),

) 1 ie12 .m
o = o [f..ﬂ<w>+%P”_IV__I&,,._,@)] (=12, n),

in which £ () is an entire function and | £,(0)| 4 0. The rest of the argu-
ment in the degenerate case is very like that employed before.

§ 3. Formal solutions and the polynomials P ().

It can be shown easily by means of the formal solutions of (1)* that the poly-
nomials P, () cannot all be of degree less than ¢ + 1.
Let us first consider these formal solutions in the case ¢ = 0. If we substi-

tute in (1) formal expressions

yi=6P(x)(l}K-Ai(w) (i=1,2,---,n),

P(oc)—caz"c 1+B Lt

4, (z)=4, + A(il);;_l- SR )

and attempt to determine a, B, ..., A, k, 4,, AD, ... so that the equations
resulting are formally satisfied, and not all the n quantities A4, are zero, we
shall find that a is one of the n roots of the characteristic equation (3) and that
we can then determine

Aia Ba A(;l), cecy Ky A(iq+2)’

in succession ; thus there arise precisely n formal solutions of (1)

h $=87 1, =87, -y y, =87 (j=1,2,.-,m),
where
8P = Bz A, () (6,i=1,2, -, n),

7+

P, A Jk A
(26) ()= a1 B b

1
()= Ay + A3, +
The first set of equations determining 4 are
(27) Avaj=l§lai,‘A,d (4,j=1,2,:-+,n).

* SCHLESINGER, Vorlesungen tiber lineare Differentialgleichungen, pp. 176-182. For a discus-
sion of regular singular points see pp. 122-171.
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It is necessary for us to know also that the formal determinant
. 1
| 8P| = ePé@+ -+ Pt txad D DO ...
¢ x

does not vanish identically. As a matter of fact, the constant D = | 4| is not

zero. Otherwise we could find multipliers m,, m,, ---, m_, not all zero, such
that

2 A,m=0 (i=1,2,---,n).

=1

Multiplying equations (27) by m,(j =1, 2, ---, n) and adding, we obtain
;Ayajmj=0 (i=1,2, -, n).

A second set of multipliers is m; = a.m_; likewise a third set is m) = aim,.
Thus we obtain n sets of multipliers m,, a;m, , ..., aytm,. It is clear then
that we have

,-z_‘{ A..jmj[c0 +ea, -+ cn_la;"‘] =0

for all values of ¢;, c,, -+, ¢

_,- Since a,, a,, - -, a, are distinct we conclude
that

A4,m, =0.
Hence for any value of j for which m; 4 0 we have

A"f=0 (i=1,2,---,n),
which is impossible.
Let us turn now to consider the formal solutions of any system (1), equivalent
to (1) at 2 = oo by means of a transformation (4). The formal solutions of (1)
are defined by the equations

n
S({):ZX”‘S({) (¢4, j=1,2,---,n).
k=1

Hence S¢ contains the same exponential factor as S¢, although %, may differ
from «; by an integer. The formal determinant | 8| is also not identically
zero, since we have

| 8P| = [2y(2)]|-| 89

The same results are obtained for the case ¢ =— 1 except that the exponential
multipliers ¢™® are lacking in the formal expressions S¢’ and §9.

We will now prove for the case ¢ = 0 that the rank of any system of equa-
tions (1) equivalent to (1) at & = oo is at least ¢+ 1. Otherwise we must
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have equations like (27) (a!? being replaced by &) to determine the constants
f-]-.'.j of the formal solutions of (i), in which however

é,]=0 (i)j=1)2)""n)'

These equations are
Aq’iaj=0 (i,j:l,g,"','n),
whence we see that .IIV =0(i=1,2,..-,n) for any a not zero. This is

impossible.

In particular, then, the rank of the canonical system (25) equivalent to (1) at
x=co isat least ¢ + 1. Zke polynomials P () cannot all be of degree less
than ¢ + 1.

We shall now prove that the degree of the polynomials P () can be taken
not to exceed q + 1.

Let us denote the = formal solutions of (25) by 79, 7Y, ..., TV
(j=1,2, ..., n) where

T9 =" B (),
(28
( ) B.'j(w)=Bo'i+ B(ilj);:_,....,

k; — !, being an integer. Let ¢, be the index of the highest power of 1/x
which all the B (x) (j=1, 2, ..., n) contain as a factor for fixed ;. Then
we may write

T = eH@ gt Q) (),

1
Cy(e)=C,+CY + ..

By a succession of transformations (4) of such a character as not to change
the form of (25), we now proceed, if necessary, so to transform (25) that

(29) |Oq| + 0.
Assume the indices 1 to n so chosen that

t=t=..=¢

'n?®

If |C,;]| =0, one can choose constants ¢, c,, - - -, ¢, not all zero, such that

¢,C; +¢,C,+ ---¢,C, =0 (j=1,2,:,n).

n “nj

Let c, be the last one of this set which is not zero. The transformation of the
form (4),
:'7.' =Y (ids),

Jo= @ty + @ Ty, + -+ 6y,
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leaves (25) unaltered in form. The new formal expressions 79’ are the same
as T for i & s. Also

T = ¢ a5 TP + c,@ TP 4 .. 4 ¢, TP
8 8 1
=NWWM{ZM%+EQW@+~}M=meM.
=0 1=0

The terms Z‘;=oc_lC'lj (j=1,2,.--,n) are all zero by hypothesis. The for-
mal expressions 7’ (j =1, 2, -, n) will contain another factor 1/x, and we
have increased ¢, by unity or more.

But we have

| 79| =c,|T9|
directly from the transformation. In this way we can increase ¢ ,¢,, ---, ¢,

without altering, save by a constant factor, the formal determinant |7¢’|.
Since the determinant contains 1/« at least to the power

l1+l2+"'+l"+t1+t2+"’+tn’

we see that this process of transformation must finally come to an end. This
occurs when (29) is satisfied.

When (25) has been transformed so that also (29) holds we may prove at
once that the degree d of P, can not exceed ¢ + 1 + ¢, —¢,. In fact, if some
of the integers

d;—(qg+1+¢4—1) (4,5=1,2,--,n)

are positive, let T be the greatest of them. Also denote the coefficients of the
term

Tttty
in P (x) by p,;. Substitute the formal solutions in (25). When coefficients
of highest powers of = are equated to zero one obtains

0=Zp,~1~0;-,, (ivk=1)2)"'vn)v
Jj=1

which is not possible in view of (29).

We note at this point that the degree of P, (x) does not exceed ¢ + 1 if
i=j. We will now make further transformations so that this will also be true
when ¢ > j.

Let us first attempt to remove the constant terms of P, (x) (j=1,2,.--,n—1)
by a transformation

?7.'=3/.‘ (i*n)’ ?7n=cnny»+cn.n—lyn—1+"'+cn1y1’
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where ¢,, =1. We will then obtain

P, (2) = Py(z)—c, P, (x) (i,j+n),
Pl’n(w)=‘Pin(a;) . (i+:n)y

(30) . n n
Pnk(ac)=Zlc”ijk(x)—jzlc”ijn(m)cnk (kn),

Jj= =

P, (@) = 00 P(®):

It is to be noted that the degree of P () (i,j=1, 2, -, n) does not exceed
g+ 1+4¢—t¢t,. If p{? denotes the constant term of P, (x) we have to satisfy
the conditions

Jz::lc"jpg",z—gcnjp§‘2c”k=0 (k=1,2,---,n—1).
Or if we write

n
O ) =
jz; ¢, 0 =2X\=2xc,,

these conditions may be stated in the form

?_:‘lcnjp?,j—mﬁ,‘:O (k=1,2,--n).
This gives the equations for A,
|p) — ;M =0.
Now each transformation employed since we obtained (21) has not affected
the form (22) of the solutions. Hence (25) still possesses a fundamental system
po Y

of solutions of this form. A direct substitution of these solutions in (25) will
show that the roots A are the quantities

A

The roots N are therefore distinct and do not differ by integers in the case
in which (1) has n solutions of the form (19) where p,, p,, -- -, p, are distinct,
inasmuch as

1 .
kj:m:ilogpj (]=1’2)"’)n)'

We confine ourselves to this simplest case.
Choose for A any root £, — m , determining a set of values c;i{j=1,2,-..,n)
in which ¢,, 4= 0. Such a root exists, since otherwise the linear equations

—1
Zlcnjp;"k)—xcnk=0 (k=1,2,---,n—1)
=

could be satisfied for » values of A, and there are only » — 1 such values.

The corresponding transformation (c,, = 1) will remove the desired terms.
Also we have p{) = &, — m in the new system of equations.
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Next we remove the constant terms of P,_, ;(x) (j=1,2,..--,n—2) by
a transformation

Y=y (iEn-—-1), Yno1 = Yn—1 + Crntyn—2Yn—2+ ***+ Coy1¥1-

This can always be accomplished as before and we shall have reduced the con-
stant term of p, , ,_,(x) to k,_; —m. Continuing thus, we finally remove all
the constant terms of P (x) (i <j) leaving

W= b —m, Pl =k —m, -y PO =, —m.
When the constant terms are removed, we apply a transformation
=9 (iFa), Fa=y.+ey,

.8 (2) (a> B) of degree 7 less than t, — ;. A
direct computation shows that we have

to remove any term p{) " of P,

P (x)=Py(x) (itai+h),
31) I_’,B(w).—-Pm(w)—cm’Pﬁ(w) (ifa),
P(x) =P, (n)— ca Py () (j%8),

P.,g (2)=P,g@x)—cx" [ P,,(x)— Pgg(x)+ cx" Py, ()].

It is clear that the degree of I_".j(w) (¢,j=1,2,---,n) is not greater than
q+1+t‘.—tjsince'r<ta—t3. _

Let us take 7=1. All the new terms in P, (%) (i <j) are at least of first
degree, since a multiplier « appears throughout in them. Furthermore, since
P, (x)(i>a)and P,;(x) (8>j) contain no constant terms after the previous
transformation, it is clear that there are no new terms of first degree except
possibly in

FPy(e) (i<a), Py(z) (B<j),  Pup(=).

Also the terms of the first degree in P'uﬁ(m) can be made zero by a proper
choice of ¢, namely such that

PR —c(k,—kg)=0.
This shows that we may remove the terms of first degree in P, (x) (¢,—¢,>1),
by taking them in proper order, namely with increasing i and decreasing j.

In the same way we may continue, taking 7= 2, 8, -.-, until all terms of
P, (x) (i>j) of degree less than ¢, —¢, are removed. We may therefore

write finally
Py(w) = oQy(»)

where @, () is a polynomial for i >j. This holds likewise for i =j, since then
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t,—t,=0. Also @ () will be of degree ¢ + 1 or less, since P (x) is of
degree ¢ +1 + ¢, — ¢, or less.
The transformation
Y: = a4Y; (i=1,2,--,n)
will give us a system of equations

4y 5 -
o jz=: Py(=)y;
in which
Pij(m) = wt’_t‘Pi; = Qij(m) (P4 Pﬁ(w) =Py(x)+t,=Q,(=)+¢,.
Thus there exists a canonical system (25), equivalent to (1) at & = oo, in which

the degree of P, («) does not exceed ¢ + 1.
We still have at our disposal a linear transformation with constant coefficients,

K=Zcijyj'

In view of the nature of the roots of the characteristic equation (3) we may
simplify P, («) by this means so that the equivalent canonical system of equa-
tions becomes *

w— = ZP,] (w)
(32) P (x)=p{) 4+ pDw 4 -+ pQa? (i45),

Py(2) =p0+ pa + -+ - pat + aqatt,

The result which we have obtained is that there exists @ canonical system of
equations of the form (32) equivalent to (1) at = co. This form will be
hereafter assumed.

In the case ¢ = — 1 the canonical system reduces to
ar, g ay,
wd—w‘=a1Yl, md—wz_—_azl’z, ---,w%i‘=anYﬂ.

But this system of equations is equivalent to (1). Hence, as stated in the intro-
duction, there exists a fundamental system of solutions of (1)

yln=)\ (w)wa’ ¥ =, (w)w’ AR y;j)=xnj(w)wdj (j=1,2,---,n),

where A,; () are analytic at ® = oo or have a pole at that point. As there are
precisely n formal solutions,

p=wvdy(z) y=294y(2), - yy=a4,;(2), (i=1,2,n),
1
Ay ()= Ay + AP+,

* For an analogous reduction in the case ¢ = 0 see SCHLESINGER, loc. cit., pp. 183, 184.
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we infer that A, (x) = A4, (x) and is therefore analytic at = co. This is
the fundamental result for a regular singular point and is due to SAUVAGE.*

§4. Generalized Laplace integrals.

The problem of the paper now resolves itself into a study of the solutions of
(32) for ¢ = 0.
Let us consider first the case ¢ = 0. The equations (32) are then

D+ a2) ¥+ pQF, 4+ P

drx, |
(33) v t=pRY + (pf) + 2) Y+ - + PO X,

z,
w =P+ PR Y, + -+ (Pl +ax) .

The formal solutions will have the form (7°¢’, 79, ..., T9) (j=1,2, ..., n),

where
TP =era By(x),

B,(2)= B, + BOL

tjm

+ -

Direct substitution shows that

lj p_(:;) (j=1,2,--:,n)

In this system of linear differential equations write

(34) Y, = [ern(z)d (i=1,2,-,n).
By employing the formula

fe"”mu(z)dz = [e"’u(z)]—fe“du(z),

in which the path of integration will be subsequently so chosen that the
bracketed term may be omitted, we obtain, by equating the coefficients of ¢ in
the integrands on both sides of (33),

d
— (2= ) = (P + )m+ PO + - + P,
d (0) (0) (0)
(35) —(z—a) g =pim+ PR+ )m+ -+ P

d
— (z=a) " =pOm + (D) G+ -+ + (P2 + 1),

*Annales de 1’Ecole Normale, series 3, vol. 3 (1886), p. 392. The analogous result
for a single equation of the nth order is due to FucHs.
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We shall show how to employ (35), thus formally deduced, to obtain an actual
representation (34) of the solutions.

The system (85) has n + 1 regular singular points at z=o0,, 2=0a,, ---, 2=a,
and z = oo, and no other singular points. The exponents at = = a, are all zero
except one which has the value — p{? —1 = —17 —1. These results show that
we may choose a fundamental system of n solutions, of which n — 1 are regular
at @ = a; and one has the form

W= (2 )R (2 ), WP = (= ) Pz — a).
o 1) = (= ) P (2 — )

in which B¢ (2 — «,) is regular at z = ;. This is true except possibly when
l; is an integer. We will refer to this possibility later.

The formula (34) will represent a solution of the given canonical system of
equations provided we write

"h="7(1j)’ "72=77€1j)’ sy My =15,

and the corresponding contour ¢, of integration is taken to be a «“loop circuit”
that is, a circuit extending along a (properly chosen) ray from z = oo to the
vicinity of z = a,, and then around the point in a negative sense, returning
finally to z = oo along the ray. The direction of the ray must be so chosen
that it does not contain another singular point z = a,, and that R (xz) (the
real part of wz) is negative along the ray. When this is done there is no diffi-
culty in proving that each set of formulas

Yy =j;e’“(z-— o) H P (2 — a))dz (i=1,2,---,n)

represents a solution of (83), at least in certain sectors of the plane.

In the case in which — 7, — 1 is a positive integer the loop circuit is replaced
by a straight line path from z =0 to z = 0. When —, —1 is negative or
zero, there will be a solution which contains a logarithm. We choose this solu-
tion to replace 7(", 7{”, ..., 9”. In all cases we obtain a formula for each
singular point.

This elegant method of attack (for a single linear differential equation of the
nth order with rational coefficients) was given by POINCARE in a fundamental
paper.* The method has been more fully developed by HorN,} who shows that
a direct study of the solutions can be made by these formulas in the complete
vicinity of x = oo.

When ¢ > 0 the above method fails. POINCARE has indicated a method of

*American Journal of Mathematios, vol. 7 (1885), pp. 217-232.
tMathematische Annalen, vol. 50 (1897), pp. 525-556.

Trans. Am. Math. Soc. 30
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quadratures reducing the case ¢ > 0 to the case ¢ = 0, but the application
of this method seems impracticable. *

It is the aim of this paragraph to show that, at least in the case before us,
formulas exist for ¢ > 0, analogous to those given when ¢ = 0.}

First let us consider the case ¢ =1. The equations (82) are in this case

dz,
® g = (PR + % + a@”) B+ (PR + pUR) Byt - -+ (PR PRR) T

27
36) ¥ dz = PR AR T+ 0+ ppr+ @)Vt o+ (P AR E

Y
= (P + pie) Vi +(piid + pilde) Vot - -+ (Pl praz+ 00) Ty

2
The formal solutions are ( I'{?, 7Y, --., T) (j=1,2, ---, n), where

T9 = " ¥ i B (),
1
B,(2) =B, + B, + -
If these formal expressions be substituted in (36), we obtain

(37) Bj=p.([3) (G=1,2,--,n).
We shall take as the generalized form of (84) in this case

(38) ]'..=fe“"[n‘o(z)+wnﬂ(z)]dz (1=1,2,--+,n).

Now substitute this expression (88) in (36), integrating by parts according to
the formula

fe'”m”u(z)dz= [e™u(z)] —fe""du(z),

in order to reduce the terms which contain 2* and «* to terms in ' and «° re-
spectively. If the bracketed terms are omitted and the coefficients of ¢ and we**
in the integrands are then equated, there result the equations :

dn;, )
—(2z—a‘)——‘-z "7,1+Z[P(.3)77,; (n"]o] ('=1’21"’)”)p
(39)
1; dn; .
_(2z—' @ ) dz - + Z (.Ij) dzl = 277.0 + ZP(.?’LO (i=1,2,--,n).
_—*HOBN, Acta Mathematica, vol. 23 (1900), pp. 177-201.

+Cf. CUNNINGHAM, Proceedings of the London Mathematical Society, ser. 2,
vol. 4 (1906), pp. 374-383.
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Thus we reach a system of 2n linear equations of the first order in z to deter-
mine the 2» functions

Mo Mars 9 Muxs Thos Moo %9 Mo e

This system of equations is analogous to (35). It has clearly singular points
at z2=a/2,2=a,/2,...,2=a,[2 and 2= o0, the last of which is a regular
singular point. The finite singular points are not in general regular, although a
slight consideration proves them to be of rank ¢ = 0 at most.

It is possible however to make a given one of these singular peints z = a /2
a regular point by first making in (86) the simple preliminary transformation

¥,= P,

The new system of equations (36), and hence also (89) will be the same as
before except that p() is replaced by p\} — B8, (i=1,2, ---,n). These n sys-
tems of equations (36), in general distinct and obtained by taking r=1,2,---,n,
replace the single system (35) of the case ¢ = 0.

The rth system of equations (89) has a regular singular point at z = a,[2.
For the system (39) may be written

dn, -1 Z .
Ez—l=é—z—————~_m{nﬂ+§[p(..‘?‘l)jl-l-p('.'j)njo]} (i=1,2,--,n),

dﬂ,' _1 - (zl
dzo = T { "7,0"' Zp(o) ;0+ Z 2z . [ 31+ Z (P(o)ﬂkl'f'PE 77]‘0)]}
(i=1,2,--,n).

A sufficient condition that z = a /2 be regular is that there is no pole at z = o, /2
of the second or higher order in the coefficients of #,,, -, 1., 7,05 -5 M,
in the right-hand members. Clearly such a pole cannot exist except in the
second 7 of these equations when i=r, and then only if p{, 4 0. But
in (89) p" is replaced by p( — B, which vanishes by (37). Hence the state-
ment is proved.

The exponents of the regular singular point z = o« /2 can be verified directly
to be all 0 except two, which are

—L—1 —1—2
2 > g

11°? 10°?

a _—"‘1 a a "_._’“‘ a
77‘;'3‘—‘(2'—5') (r)<z_§r)’ 77(.r1)=<z—§r) (r)(z_gr>a

where B (2 — a,/2) and PO (2 — @,/2) are analytic at 2 = «,/2. Each set
of formulas

Hence there exists a solution (7}, - .-, n0), ¢, ..., %) of the form
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——1
Y?’:e'-ﬁ,mfe’ﬂ"(z azf)—[ ﬂig(z—§)+m‘ (’)(z——)]dz

(i=1,2,--+,n),

will then represent a solution provided that c; is a loop circuit to z = a,/2 so
chosen that B [a?(z — a;/2)] is negative along the ray.

If (—7, —1)/2 is an integer, we can obtain solutions corresponding to the
other exponent (— 7, — 2)/2 which will not be an integer.

The proof of the validity of the above formulas is exactly like that in the
case ¢ = 0.

Let us now consider the general case when we have

g+l

T(J) e q+1+5’ A

W B,y (w),

1
By(x)=B,+ B +---.

1) w
We write

Y= [ {ny(2) +amy (2) + - -+ 2m, (2) } das
where the 7, (z) are functions to be determined. First we have by substitution
in (32)
q
[ e Eatq+ vestiin@ie=$ [es (o) (S etn, )

+ fewlaimqﬂ Zmlﬂg,(z)dz (i=1,2,---,n).
o. 1=0
The terms involve «°, x, - .-, +'. We propose to satisfy each of the equa-
tions above by deleting in turn all but the terms in
x and wq-'l+‘ (3':0’13""9)

and then satifying each of ¢ 4+ 1 equations resulting. One obtains after the
omission of a factor =’

f e [(g+1)a "2+ ], (2)d2
=) (kzl P, (z)+att! > p(-'kj)"ljz(z)) dz +f eagttin, (2)dz.
Fi=s

=1 b+i=q+s+1

By an integration by parts
fe”"“w'”‘w(z)dz = [e™w(z)] —fe*"”’ dw(z),

in which the bracketed terms are again cancelled by a subsequent choice of
limits, we may transform the coefficient e"'+ in the integrands so that it is inde-
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pendent of . Equating these coefficients we then obtain in a formal manner
the system of n (¢ + 1) differential equations for the functions 7,,,

d
S/PRRIPRPL LN 3> P gm= —(g+l—s)n+X = o0,

Jj=1 k+l=g¢+s+1 J=1 k+l=s
(i=1,2,---,n; 8=0,1,:-+,¢q).

These equations written in succession for s =¢, ¢—1, ---, 0 are

- [(q+1)z——a] 77“’ 7, +z=: Z;p(j?qﬂ (i=1,2,-+-,n),

— [(g+1)z—a] o= Z: P9 gy 43 T i,

=1 k+i=g—1
(i=1,2---,n),

(40)
bl 77 7]
S CRSIETALCED WIL RIS WOL L
—(9”‘1)’7,0"‘2 Zp(k) (i=112y"’)n)'
Jj=1k

The singular points of (40) are at once seen to be z=a, /(¢ + 1), z=a,/(¢ + 1),
--,z=a,[(qg+ 1) and z= o, the last of which is clearly a regular singular
point while the others are of rank ¢ at most.

As in the case ¢ =1 we can, however, make a given one of the points
z=a_[(¢ + 1) a regular singular point by making a preliminary transformation

_ 29 29-1

=B TYr g AT
Y,=e "¢ ¢ Y,

i

The new system (32), and hence also (40), will not be changed except that

p(iqi)’ p(iqi_l), °c P(.Oz) (i=112t"'1n)’
will be replaced by
PA =By pET =y o5 PR —
respectively. .

These n systems of equations (40) (r=1,2, ..., n) will, as in the cases
¢ =0 and ¢ =1, lead to Laplace integral formulas.

We shall now prove that the system (40) kas a regular singular point at
z=a,_[(g+1). To prove this fact we note that, in view of the preliminary trans-
formation assumed to have been made, the system (32) admits a formal solution
T, 19, .-+ T, where

arﬂl
T(‘r)=e lel'B.'r(w) (i=1,2,---,n).
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Now it is easily proved that if the system (32) has a formal solution of this
kind, then the adjoint system of equations,

dz; n
de = ;erii(w)’

will have a formal solution
z7+1

2 (x)=e g {C + 03" ) G=1,20),

in which not every C, (j=1,2,---,n) is zero. If this formal solution be
substituted in the adjoint system, we obtain the following set of linear equations:

a0=a0 (j=1)27"'1n)1
aO(l)_a 0(1)_*_201)(3 (j=1,2,---,n),

7, 0P =a,CP+ 2, (C¢p+ -+ OpJ) (=12, ).
From the first n of the above equations we infer that

€=0 (j+r), C+0.

Multiply now the n equations of the (£ + 1)th linein (40) by C;(:=1, 2, ---, n)
respectively, the Zth set by C" (i =1,2, -.-,n), and so on. Then add the
first nk equations thus obtained. In view of the above relations between the
B one finds

—[(q+1)z—a]Z{ 0t 4 ooy oy o "'q} LZy(n),

in which Z, (7) denotes a certain expression linear in 7,; with constant coeffi-
cients. Since O, =0 (i ¥ r). C. + 0, we may write this in the form

(41) =—“Cy: Z { 0(;1 d 7;, PETRE KRR 0, dz 1q} W ),("7)

(k=01 1,2, 9)'

We are now able to prove that z = a_/(q + 1) is a regular singular point.
This will be proved if we show that when we solve (40) for the derivatives of
7;; in terms of the 7,; themselves, the coefficients of the expressions obtained
have at z = a_[(¢q + 1) poles of the first order at highest. The expressions for
dn;,[dz (i=1,2, ..., n) certainly satisfy this condition, as the first set of
equations (40) show. Insolving for d, _,/dz (i=1,2, ..., n) we distinguish
the cases i 4 » and i=r. Since in the first case d7, _,/dz appears with a
coefficient — [(¢+ 1)z —a,] not zero at z = a,/(¢+1), it is clear that poles of
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higher than the first order do not appear. To solve for d», ,_,/dz we use
equation (41) for £ =1 and deduce the same fact. In this way we solve for
dn,/dz, dn, _ [dz, -+, dn,[dz, each time making use of the appropriate
equation (41), to prove that no poles of higher than the first order arise. Thus
the statement is finally proved.

The n(q + 1) exponents at z=a /(g + 1) are all zero excepting ¢ + 1 of them,
which are (— 4, — 1)/(g + 1), (— 1, —2)/(q + 1) - (—,— g —1)/(g + 1)
I have not found a direct proof of this fact, such as no doubt exists. An out-
line of an indirect proof is found in the foot-note p. 462.

‘We will have then a solution 1;2.'!? (i=1,2,.-,n;5=0,1,...,¢q) such

that
a =1 a
(r) — r 1 ) - _r _
"“_( q+1)q+ "'(z q+1)’

where P [z —a /(g + 1)] is a function analytic at z=a /(¢ +1). This
leads at once to the formulas

—4—1

zqtl "
D T T e %\, PR (5 —
(42) Y9 =e"¢ Jc.e (z 741 )1+l Zw J (z q+1>dz

7

where ¢, is a loop circuit about z = a,/(¢g + 1) so chosen that
R{x™'[2—a;/(¢+1)]} is negative along the ray. These actually repre-
sent solutions, as can be proved just as in the cases ¢ =0 and ¢=1.

If (—7; —1)/(q + 1) is an integer, one may use solutions corresponding to
the remaining non-zero exponents, none of which are integers.

§ 5. Asymptotic representation.

If one makes the substitution

w=m‘7+‘(z % )
g+1

in the formulas (42) for j = r, there is obtained the expression

—l—1

Yﬁ.’)=e"r(’”)w"fe w e+ Zw“]}"’(w“" w)dw,

where c; is a loop circuit to w=0. When one expands P, (x~*'w) and
evaluates the successive terms by means of the formula

fe’”'w‘ dw = (e =T — gmed 1) I'+1),
o

r

there results for 7y a sum of terms of the same form as in the expression 7'¢
plus terms which approach zero as x becomes infinite.*

* For a more complete consideration of a like point see the paper by HORN previously referred
to, Mathematische Annalen, vol. 50 (1897), pp. 527-531.
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In order to state the result concisely we shall modify slightly the conventional
definition of asymptotic representation.

Derinrrion.  We may say that Y, is asymptotically represented by T
along the ray arg x = ¢, or in symbols

KNT(ir)’ argm:qs,

if for some sector including arg x = ¢ as an interior ray and for all values of m,

AP Ar=D e
— o PH@) ks ir L L —
Iri_e € {Air+ » +"' wm-l +wm I

in which lim e =0 as x becomes infinite.
The result is then that we have

YO~ TD
1 3

along any ray for which 22 {«"' [z —a /(¢ + 1)]} is negative. These expres-
sions 7'/) are, of course, identical with the 7'’ which occur in the formal solu-
tions of (32).*

The ray of the loop circuit to z = a;/(¢ + 1) may vary in direction as long
as it does not intersect one of the remaining n — 1 finite singular points
z=a[(q+1). It isa simple matter to give the actual sectors on which in
general the above integral formulas hold. Denote by 7,, 7,, ---, 75 the
N=mn(n—1)(g+ 1) rays in angular order for which

B {(a—a )™} =0 (j+k),

and also write 7y,, = 7, + 27m.  We assume these rays to be distinct. Further-
more, the real part of some particular one of the differences (a; — a,)x’*!
changes from positive to negative as we pass from the sector (7,_,, 7,) to
(Tps Trsr)+ Denote the subscripts in this difference by j, and k,. The ray
of the loop circuit ¢; bas an argument intermediate between a certain successive

pair of arguments
arg (a;,, —a, ) and arg (o;, — o )

for which k , =%k, =j. In this case B {x""'[2 — a;/(¢ + 1)]} remains nega-
tive for

T
T, <<arge < T, +qT1 .
The formula (42)

F,=Y9, V,=FY, -, L, =Y

* At this point it is easy to see that the exponents at z=a,/(g 4 1) have the values above
stated. For by comparison of the Laplace integrals and the formal solutions we get these values as
possible exponents, and no others. But in the speoial case for which Py(z) =0, P;= 9+ a‘xrﬂ,
it may be at once proved that the expouents have precisely these values. Then if the coefficients.
of the polynomials are changed continuously, the exponents are also so changed and hence retain
the form specified.
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represents a set of g + 1 solutions fixed by assigning the sector in which the
ray of the loop circuit is to lie. This formula is valid for any one of the ¢ + 1
corresponding sectors
™
< a ’ T T4 e
T, <<argr T, +q+ i

It is to be noted that m and m’ are any pair of successive values of m for which
k,=Fk, =j.

If now we pass back to the solutions of (1), we infer that tkere exist solu-
LONS Y,y Yy -+ Y, of (1) such that

g~ 8P (i=1,2, -, n)
within any given sector

T, < argx T, + - + nh
This result has also been derived in certain special cases by HORN,* who has
used the method of successive approximation.

§ 6. Characterization at 2= oo.

At this point we can readily give a characterization of the nature of the solu-
tions of (32) and thence of the system (1) equivalent to it at = .

THEOREM.  There exist N=mn(n—1) (q+ 1) fundamental systems of
solutions of the canonical system (32),

Yﬁlﬁn Y(zlfl, MR ) Y;‘,),,,
(43) R, (m==1,2,---, N\,
Y(l';r)v’ Y%, Tty Y;?ri,
such that
Ygﬁ"'T%j)’ ——al'gw< m419
and such that
Y=Y (i%m)

Pim,, = Vo + A, Vom,
provided we write Yt(,j)v+l = gmh¥ I Y.

Proof. In order to avoid confusion we will state at the outset that the solu-
tions (42) are not in general the solutions referred to in this theorem. The
latter retain their asymptotic form throughout minimum sectors, while the former
retain it throughout maximum sectors.

*Crelle’s Journal, vol. 133 (1907), pp. 19-67
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An immediate conclusion of the results of the preceding paragraph is that
there exists for every ray arg x = ¢ a set of solutions ¥, ¥, ..., ¥'D
(J=1,2, .-, n) such that along this ray

PO~ TY.

In virtue of this fact it is possible to separate the x-plane into some finite num-
ber of closed sectors o, in each of which there exists a fundamental system of
solutions Y9, Y, ..., Y (j=1, 2, ..., n) such that Y'» ~ T for =
in o. We choose these sectors so that the rays arg « = 7_ are included at
most one within each sector o.

Throughout a sector o not containing an inner ray =, every solution
Y,Y, -, X, of (32) has a definite asymptotic form. For the general solu-
tion of (32) is

(44) YVi=e Y4, VP4 ... ¢ TP (i=1,2,---,n),

which gives the asymptotic relationship
Yimne, T4 ¢, TP+ -+ + ¢, TP,

The relative magnitudes of these n terms as x becomes infinite in o clearly
depend on the relative magnitude of

45 R(o a2y, R(ax™t'), ..., R(a x7t).
(45) (o,2") 2 ,2)

This does not change except at the raysarg x =7, 7,, ---, Ty. Suppose for a
moment that indices 1 to » are so chosen that the quantities (45) appear in order
of descending magnitude. If ¢, is the first of the quantities ¢, c,, ---, ¢, not
zero, one has clearly for x in o

Y, ~cT®H.

Furthermore, since the successive regions o have a ray in common, every
solution ¥, ¥,, ---, ¥, preserves its asymptotic form throughout successive
sectors o until one which contains a ray 7, 7,, ---, 7y is reached. We may
therefore unite into a single sector o, the region o which contain a given rayr_,
and all those which succeed it in angular order up to the one which includes
the ray 7 .., and affirm that on each of these sectors o, there exists a
fundamental system ¥, ¥, ..., Y9 (j=1, 2,---,n), for which¥'¥ ~ T‘{)
throughout the sector.

Next let us determine the character of the general solution ¥, Y, - Y,
in one of these sectors o, which includes within it the ray argx =7 _. Here
again the relative magnitude of the quantities (45) determines the important
term in (44). But B {P, (x)} and R {P, (x)} change order of magnitude

along arg x = 7, and moreover
R{(ajm—akm)wq+l}>0 (argz <7Tm),
R {(a,.— a, )2} <0 (arga> ).
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If we suppose indices so chosen that the quantities (45) are in order of magnitude
at the first boundary ray of o,,, two successive terms of (45), say the sth and the
(s + 1)th, will change order of magnitude for argx=17,. We see by (44)
that the solution ¥, ¥,, ---, ¥, will preserve its asymptotic form in o, unless

p=-=¢_,=0, ¢,+0,c,, %0.
In this case the solution is of the asymptotic form

@ ® ... Q)
e, T, e, TP, -y c,T¢

=C

at the initial ray of the sector, and of the asymptotic form

c.+1T(18+])’ c.+1T(;+l)’ Tt c:+1T5:+1)
at the terminal ray.
If, however, we have two solutions such that at the initial ray of the sector
b ANPY
¥i~e  T6
we can always choose a combination ¥';'=Y,+ A Y ;sothat (¥, ¥, .--, ¥ )

preserves its asymptotic form ¢, 7', ¢, 7Y, - .., ¢, T throughout the sector
a,. For we have

(i=1,2,--+, n),

17‘ = c:Y(i‘) + ca+1Y(i'+l) + - + cnY(i.)’
’ ’ 1 ’
Y..=ca_HY2+ +...+0”Y('f').

The required value of 4 is —c¢,, /c., .
Let now ¥, ¥, -.-, ¥YY (j=1, 2, ---, n) be any fundamental sys-
tem of solutions of (32) such that

Yo~ TP

for x on o,. All these solutions will preserve their asymptotic form throughout
o, except perhaps the solution

G () I
Yl';l)’ I’zjll L YSnll

in view of the preceding discussion. However, in this case we can choose a con-
stant A, so that the solution

T+ A TR, P+ AFE, o, T+ ATY
preserves its asymptotic form
W, TY, ..., T@
throughout the sector o,. Therefore if we write
Yo=xro (F+4),
Fp=TP+ ATY
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the new fundamental system of solutions Y9, ¥, --., ¥'?® (j=1,2,.-.-,n)
preserves its asymptotic form throughout the sector o,.

Passing now to the sector o,, we obtain a third fundamental system of solu-
tions, and so on. Thus we define '), Y, ---, ¥y, successively in terms
of .

These fandamental systems of solutions have therefore the desired properties
stated in the theorem except that we need not have

2wV =1 j . .
Y({?N_H:e"’ Yy (4,j=1,2,---,n).

These relations, too, will be satisfied when a proper choice of the initial funda-

mental system
(46) Yy, Y@, -, ¥Q (j=1,2,--+,n)

is made. To prove this fact we show first that the final fundamental system
of solutions
(47) Y(l',ﬂN+1’ Y(z{)NHa Tty Ygi?N+l (j=1; 2, :")

i3 entirely independent of the choice of the initial system (46).

Let
Z(l"]»)n Z%ﬁa R ] Z% (j:‘112)"')n;m=1121"'yN)

be a second set of solutions of the same kind; the constants which correspond
to A will be denoted by B,,.

Let R(a,x') be that one of the quantities (45) which is least in
magnitude in (7., 7,). There can only be one solution of (32) asymptotic to
e, 9, ..., T on (7,, 7,), and we must have

(48) Y%’l)= Zg"l) (:=1,2,--+,n)

in this sector. Now each pair of the quantities (45) become equal for 2 (¢ + 1)
values of 7,

. ’"' , ., 2w , 2¢—1
7—7s7+q+1’7+q+1s"‘17+'m7r
It is clear, then, that on the sector
- ™ —1
(49) 'rl=‘argw<'rl+q—+—1='r“ (,u_—.m—g————-)-),

each pair of these quantities (45) become equal once and only once. The quan-
tity R (a,2**') will therefore increase over the remaining quantities (45) as
arg « changes from 7, to 7, + w/(q¢ +1). It is therefore clear that

Fp=Fg=-=Tg,
2= 29 = = Zg).
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Hence we find
e = Z(:,z‘ (i=1,2, -+ n)

for all values of m less than u + 1.

Next let B (a,x?') be that one of the quantities (45) which is second in
magnitude in (7, 7,). We must have in this case

20 = ¥+ cFQ

m

form=1, 2, ..., until a value m = @ is reached for which R (a,x?*') increases
over R (a,x%*'). It must be remembered that I (ax"') increases over all
the quantities (45) except R (a,x*') in (7,, 7,). Now in virtue of the
relations

POu= TG+ AYG,  Fih=T3,

Z(.'t,)o+1 = Z;O) + Bo Z(i’o)’ Zﬁf’m = Z%",?,

the preceding equality for m = 6 may be written

(50) Zﬁ?m - Bo Z&‘,’w = Y(it.)0+l - Ao YS‘:)0+1 + CY?,)H: .
Also since R (a,x?*') is greater than R (a,2%*') in (7,, 7,,,) We conclude that
—By=—A4,+c.

‘We have already shown that
. 175:)0+1 = Zg)o+la
and we obtain from (50)
Y001 =Z0u
Since for m > 6, the quantity & (e,x?*') will increase over the remaining

quantities (45), we infer that
Yo =23 (=142 =

for all values of m greater than 6.
Likewise we have
ZP =¥+ XY +dTY,
where R (a,x*') is the third of the quantities (45) in order of magnitude.
The relation
29 = ¥ + ¥+ ¥
will hold for successive values of m, the constants ¢ and d only changing for a
value of m such that one of the three quantities

R(alw'ﬁ-l)’ R(a‘w'l-i-l), R(aumq+l)’

changes order of magnitude at arg x = 7,_. If the first increases over the
second, the constant d may change; when the second increases over the third,
the constant ¢ becomes zero; when the first increases over the third, the con-
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stant ¢ becomes zero. From and after this fixed value of m << u + 1, for which
the first increases over the third, we have

Yy =2 (i=1,2, -, n).

In this way we prove that after some fixed value of m << u + 1 we shall always
have
Y?frz= Z(c]nz (i_ly 2:"', ”)v

whatever be the particular value of j. Therefore we have
Y(‘J,,I=Z(‘J,,2 (ivj:112)"'sn)

for m = u, and of course for greater values of m, in particular m = &V 4 1.

Choose ¥'{) to be this fixed set ¥ {’), , multiplied by e~*% ¥=1_and all the
conditions of the theorem will be satisfied. This is a possible choice, since 777>
after a complete circuit of & = co becomes €*"44=17Y, and therefore we have
¥y~ €54 TP in (7, 7,). This completes the demonstration.

The theorem whose demonstration has just been completed leads at once to a
like theorem concerning the solutions of (1).

THEOREM. There exist N = n(n — 1)(q + 1) fundamental solutions of (1),

1 1
Yils Yoms <o Yo
(m=1,2,---, N+1),

Y0y Yoms vy Yo
such that
) ) - B
:l/(.’,,f ~ 89V, T, =0rgx T,
and such that
i’,’2n+l = .-J,,Z (G gn),

yar =y + Aayir,

provided we write y{I),, = &*"b ATy,

This is a complete characterization of the solutions of (1) in the vicinity of
2 = oo, since any system of functions ¥'¢) satisfying these conditions will form
the solutions of a system of equations (1). The characteristic constants which
determine the nature of the solutions are the n (g + 2) exponential constants

Ass :8,'9 Tty Xj, K; (i=1,2, - n),

and the n(n —1)(g¢ + 1) transformation constants A,A4,,---, Ay. Notall
of the constants A4 _ are independent, since instead of the particular » formal
solutions used we might have multiplied each of these by an arbitrary constant.
The new transformation constant would then be altered to

‘ o
ko
H
N

A =

m c m*
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Two sets of transformation constants thus related are considered to be the same.
Any two systems (1) and (1) with the same characteristic constants (except that
«; and &, may differ by integers) may be proved to be equivalent at # = o0, and
conversely.

The total number of essential characteristic constants is accordingly

n(g+2)+n(n—1)(g+1)—(n—1)=n*(g+1) +1.
But we can dispose of » — 1 further constants of (32) by the transformation
Y,=c7, (i=1,2,--,n).

It is clear then that the canonical system of equations (82) also has at most
n*(g + 1) + 1 essential constants. If it be admitted that no further reduction
of (32) is possible, we infer that the characteristic constants are not connected
by any necessary relation.

§ 7. Generalized Riemann problem.

‘We now propose the following generalization of the Riemann problem: 70
construct a system of n linear differential equations of the first order with pre-
scribed singular points

Lpy Xyy ccoa Ly, X, = 0O
of respective rank

Qs 925 " Dot

and with a given monodromic group, the characteristic constants being assigned
for each singular point.
Consider the system of equations

d ; n m  gt2 A_l ‘
(51) y Z(ZE ]:)l'*'z yk )j (‘=1:27"‘v”)1

k=1 I=1 (“’

with singular points x,, ,, - - -, ®,, 2, ,, = oo of prescribed rank ¢,, ¢, .-+, ¢, ..
In this equation appear
m+1
n2(2q,+ 2m + 1)

arbitrary constants. =

In order to fix the problem we consider the fundamental system of solutions
(YL, ooy y®)y ooy (¥, -+, y®) such that y¢’ at some point x = @ reduces
to 8, and take the group of this particular fundamental system of solutions
to be assigned.

The monodromic group contains n?m arbitrary constants, n* for each funda-
mental substitution. Furthermore, the characteristic constants are

m41

2 ["(g+1)+1]
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in number; but between these constants and those of the group there are
n(m + 1) relations, since the n exponents at each of the m + 1 singular points
are determined either by the group or by the characteristic constants.

We must further prescribe at each singular point precisely which solutions
are to correspond to the canonical fundamental system of solutions given in the
second theorem of § 6. Now the group itself determines the correspondence
(since it determines the exponents) except for » multiplicative constants. There
are accordingly

(n—1)(m+1)

further conditions. Thus there are in all

m+1

nim ot 3 [w(g+ 1)+ 1] —n(m+1)+ (n—1)(m +1)

=1

conditions to be satisfied.
The number of conditions equal the number of constants at our disposal.
This is the basis on which we postulate the possibility of the general problem.
THE UNIVERSITY OF WISCONSIN.




